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Introduction 

In his famous paper [CI] Chevalley associated to any root datum of adjoint 
type and to any field k a certain group (now known as a Chevalley group) which 
in the case where k = C was the usual adjoint Lie group over C and which in the 
case where k is finite led to some new families of finite simple groups. Let O' be 
the coordinate ring of a connected semisimple group G over C attached to a fixed 
(semisimple) root datum. In a sequel [C2] to [CI], Chevalley defined a Z-form 
of O'. Later, another construction of such a Z-form was proposed by Kostant 
[Ko]. Kostant notes that O' can be viewed as a "restricted" dual of the universal 
enveloping algebra U of Lie G] he defines a Z-form Uz of U ("the Kostant Z- 
form" ) and then defines the Z-form O^ as the set of all elements in O' which take 
integral values on Uz. Then for any commutative ring A with 1 he defines O^ 
as A ® O^; this is naturally a Hopf algebra over A. It follows that the set Ga of 
A-algebra homomorphisms O^ — > A has a natural group structure. Thus the root 
datum gives rise to a family of groups Ga, one for each A as above. 

Unlike Chevalley's approach which was based on a choice of a faithful represen- 
tation of G, Kostant's approach is direct (no choices involved) and generalizes to 
the quantum case. 

In this paper we develop the theory of Chevalley groups following Kostant's 
approach. We shall prove that: 

(I) if A is an algebraically closed field then O^ is the coordinate algebra of 
a connected semisimple algebraic group over A corresponding to the given root 
datum. 

(We treat the reductive case at the same time.) Note that (I) was stated without 
proof in [Ko]. 

In this paper we note that Kostant's definition can be reformulated by replacing 
U by a "modified enveloping algebra". The theory is then developed using exten- 
sively the theory of canonical bases of such modified enveloping algebras (presented 
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in [LI]), coming from quantum groups. (See the Notes in [LI] for references to 
original sources concerning canonical bases.) 

We now present the content of this paper in more detail. 

Let A be a fixed commutative ring with 1 with a given invertible element v ^ A. 

In §1 we recall the definition and some properties of the modified (quantized) 
enveloping algebra Ua over A and its canonical basis B. We also define a "comple- 
tion" of which consists of formal (possibly infinite) ^-linear combinations 
of elements in B. We show that the multiplication and "comultiplication" of XJa 
extend naturally to XJa- 

In §2 we introduce some invertible elements g of (where i corresponds 
to a simple rcfiection and e = ±1). We show that conjugation by s[ ^ restricted 

to \Ja is essentially the action of a generator in the braid group action on 
studied in [LI]. Thus g plays the same role as an element considered in a similar 
context (with A = C{v)) by Soibelman [So]. But while Soibelman's element is not 
explicit and its integrality properties are not clear, our element s'^ ^ is remarkably 
simple and has obvious integrality properties. 

In §3 we define following [LI, 29.5.2] the Hopf algebra (a quantum analogue 
of above.) We prove that the A-algebra is finitely generated (see 3.3) 
with an explicit set of generators. In 3.7 we show that the ^-algebra can be 
imbedded into the tensor product of two simpler algebras. (For a closely related 
result in the case where A = Q,{v), see [Jo, 9.3.13].) In the case where v = 1 in 
A these simpler algebras can be explicitly described in terms of the braid group 
action, see 3.13. We deduce that, if A is an integral domain and v = 1 in A, then 
is an integral domain; see Theorem 3.15. (For a similar result in the case 
where A = Q(v), see [Jo, 9.1.9].) 

In §4 we assume that v = 1 in A and we introduce the group Ga in analogy 
with [Ko]. In Theorem 4.11 we show that has a property like (I) above. 

In §5 we identify (assuming that v = 1 in A) our with Kostant's O^. 

Contents 

1. The algebras U^, U^. 

2. The elements s[ g, s" ^ of XJa- 

3. The Hopf algebra o'^- 

4. The group Ga- 

5. From enveloping algebras to modified enveloping algebras. 

1. The algebras U^, Ua 

1.1. In this section we recall the definition of the modified quantized enveloping 
algebra (over A) attached to a root datum and we recall the definition and 
some of the properties of the canonical basis B of U^- We also study a certain 
completion of U^- 



STUDY OF A Z-FORM OF THE COORDINATE RING OF A REDUCTIVE GROUP 3 



We fix a root datum as in [LI, 2.2]. This consists of two free abefian groups of 
finite type Y, X with a given perfect pairing (, ) : y x X — > Z and a finite set / with 
given imbeddings / — > Y {i \~> i) and / — > X [i ^ i') such that (z, i') = 2 for 
alH G / and G — N for all i j in /; in addition, we are given a symmetric 

bilinear form Z[/] x Z[/] Z, u,u' u ■ u' such that i ■ i & 2Z>o for all z G / 
and ~ 2i ■ j/i ■ i for all i ^ j in I. We assume that the matrix {i ■ j)i,jei is 

positive definite. 

Let X+ = {X e X- {i, A) > for all i G /}. For A, A' in X we write A > A' or 
A' < A if A — A' G X^ie/^^'- The image of z/ G Z[/] under the homomorphism 
Z[I] — > X such that i i' for i E I, is denoted again by u. 

Let W be the (finite) subgroup of Aut(F) generated by the involutions Si : 
y ^ y — {y,i')i {i G /) or equivalently the subgroup of Aut(X) generated by 
the involutions Si : x — (i, x)i' {i E I); these two subgroups may be identified by 
taking contragredients. For i ^ j in I let nij = Uji be the order of SiSj in W. Let 
I : W ^ N he the standard length function on W with respect to {sf, i G /}. Let 
wq E W he the unique element such that l{wo) is maximal. 

1.2. Let V he an indeterminate. Let A = Z[v, v~^]. For z G / we set Vi = f*'*/^. 
We fix a commutative ring A with 1 with a given ring homomorphism A — > A 

respecting 1. For o; G ^ we shall often denote the image of a under A^ A again 
by a. Whenever we write A = Q{v) or A = ^ we shall understand that A is 
regarded as an .4-algebra in an obvious way. Whenever we write A = Q or ^ = Z 
we shall understand that A is regarded as an ^-algebra with v = 1 in A. 
Let A° he the group of invertible elements of the ring A. 

An A-linear map (f) : H ^ H' where H, H' are A-modules is said to be a split 
injection if there exists an A-linear map ip : H' ^ H such that il^cf) = 1. 

1.3. Let f be the associative Q(f)-algebra with 1 defined as in [LI, 1.2.5] or 
equivalently by the generators 9i{i G /) and the quantum Serre relations 

E (-i)">r/Wi)^.(^f/[p']l) 

for i ^ j in I, where [p]\ = Y[^s=i('^i ~ ~ ''^7^) p G N. We have a 

direct sum decomposition f = (B,^^z[i]^u ^ vector space, where fi, is spanned by 
words in 9^ in which the number of apparitions of 9i is the coefficient of i in u, 
for all ie I. For z G /, n G Z we set ^ = 9^/[nl]i G f if n > and 9^""^ = if 
n < 0. Let f4 be the ^-subalgebra with 1 of f generated by the elements 9^^'' with 
z G /,n G Z. We have fA = ®u&z[i]U,A where fu,A = fi. n f^. Let fA = A(S)a ^A, 
an A-algebra. We have = ®,yez[i]U,A where fj,^A = A (g)^ f,^,^. 

Let B be the canonical basis of f (see [LI, 14.4]). Note that B is also an ^-basis 
of f^. If 6 G B we shall denote the element 1 b E A ®_4 fj^ — fA again by b. 
Thus B can be viewed also as an ^-basis of f^. 
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1.4. For any n G Z, t G N and i e I we define ["]^ e ^ as in [LI, 1.3.1, 1.1.2]. 
Let \Ja be the ^-algebra generated by the symbols a;+l^x'~, x~l^x'+ with 

X e fi/,yi, x' e fix',^ for various u^u' and C £ these symbols are subject to the 
following relations: 

Fa — ^ Ua, a; h- x^l^ is A-linear for any E X; 

gin)+^^gim)- ^ if ni, n G N, C G X, ^ ^ j; 

/]('^)±i _ ■sr^ rm+n-(i,C)] /i("^-t)iFi n{n-t)± ;f ™ ^ ^ "M 

C e X, ^ e /; 

a;=^lc = lc±i/a;='= if a; e fi/,A, C ^ X; 

{X^1^){1(;'X'^) = 5(;,(:'X^1(;X'^ if X, x' G f^, C ^ 

(x±lc)(lc'a:^'^) = St^x'^^C^^ixx')"^, if x G f,.,A,a;' G Ta, C e X. 
If X or in x~^l(^x'~ or a:~l(^x'"'" is 1 we omit writing it. 
(See [LI, 31.1.1, 31.1.3].) Note that the two A-linear maps Ta ®a A[X] Oa U 
Ua, X <S) X<S> x' I— > aj+lA^c'" and x <S> X<S> x' i— > aj^lAic'"*" are isomorphisms of A- 
modules. (Here A[X] is the free ^-module with basis indexed by X.) Hence we 
have canonically Ua = A <S)a ^ A-algebras. 

Now Ua does not have 1 in general; instead it has a family of elements 1a(A G 
X) such that IaIa' = '^a,a' for any A, A' in X and such that Ua = X'ex IaUaIa' 
(necessarily a direct sum). 

In the case where A = Q{v) we write U instead of Ua- Now the obvious map 
U^ — > U induced by the inclusion A C Q{v) is injective and identifies U^ with 
a ^-subalgebra of U. For any A, A', Ai, A2, A'^, A2 in X we define an ^-linear map 

AA,A',Ai,A;,A2,Ai : IaUaIa' ^ (IaiUaIa;) ®a (IazUaIa^) 

as follows: if A = Ai + A2, A' = A'^ + X'2 it is the map obtained by applying ^(8)^? 
to the ^-linear map at the end of [LI, 23.2.3]; otherwise, it is 0. We define an 
algebra isomorphism 5" from Ua to Ua with opposed multiplication as follows: 
if A = Q(f), 5" is as in [LI, 23.1.6]; next, 5" : Ua^ — * Ua^ is the retriction of 
S' : U — > U to U^; for general A, S is obtained by applying A® a.? to the ^-linear 
map S : Ua. — ^a- Let uj : Ua — Ua be the algebra involution defined in [LI, 
31.1.4]. 

1.5. Let B be the canonical basis of Ua. (see [LI, 25.2]). If 6 G B we shall denote 
the element 1 (8)^ b E A i^ia = Ua again by b. Thus B can be viewed also as 
an A-basis of Ua- 

Note that 1a e B for any A G X. We have B = UA,A'ex(B n (IaUaIa'))- For 
a, 6 in B we write ah = XIceb "^a b'^ i'^^ ^be product in Ua and ^ G A is 
for all but finitely many c). For a^b^c in B we define rh'^'^ G A by the following 
requirement: for any A, A', Ai, A'^, A2, A2 in X and any c G B fl (IaUaIa') we have 
^a,A',Ai,a;,A2,a^c = m^'^'a (8) 6 where a runs over B n (IaiUaIa'J, b runs over 
B n (IajUaIa' ) (ill the last sum m^''' is for all but finitely many (a, b)). 
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For any a e B we have S{a) = SaCi where a i— > a is an involution of B and Sa is 
± a power of v with Sa = Sa (see [LI. 23.1.7, 26.3.2]). We have si^ = 1, 1^ = l^x 

for X E X. For any a G B we have u{a) = CaCi' where a ^ a' is an involution of B 
and ea = ±1 (see [LI, 26.3.2]). We have = 1, (1a)' = 1-a for XeX. 

Note that the quantities ^, m"'^, s^, (in A) are the images of the corre- 
sponding quantities in A under the given homomorphism A —>■ A and a i— > a, 
a ^ a^ are independent of A. 

As in [LI, 25.4] for any a, b, d, e in B we have 

(i) Ec^a,6<,d = Ec<,c<,d; 

(ii) ?fi"'''?fig''^ = ^g mg''^m^''^; 

(iii) J2c'>T^a,b'n^c'^ = Ea',6',c',d' m'^' rht ''^ ^^,mf, ^^r, 

(iv) m"^^ = 1 if o = 1a', 6 = 1a", A' + A" = A and m'^'^ = 0, otherwise. 
From the definitions we have for any a, 6, c in B: 

(v) Scm^ - SaSbml^; 

/ ■\ -V b,a "ah 

(vi) ScTn-g- = SaS^m"'"; 

(vii) Ccml^^ = eathml,^,; 

/ . . . \ ^ 0' .a' ^ n b 

(vm) Ccm^,' = eaebm'^'"; 

(i^) EAeX™a,lA ~ EA6X™lA,a ^ ^a,c', 

(x) = mJO''' = 5a,c: 

(xi) Ed,eeB^a^™d,eSe = Ed,e€B ""^J^/d is 1 if 6 = 1a, a = Iq and is 

otherwise; 

(xii) m^o^ = Sa,iJbM'^ 

(xiii) m"''' = m^'" in A if = 1 in A. 

1.6. Let Ca be the category whose objects are IlA-niodules M which are unital 
in the following sense: for any z G M we have Ia-2 = for all but finitely many 
A G X and Easx -'-^-^ ~ ^ which are finitely generated as an A-module. (A 
unital Uyi-niodule M is also an A-module by a : ^ i— > Ea6x('^-'--'^)'^ (^^^ but finitely 
many terms of the last sum are 0). A morphism in Ca is a U^-linear map. When 
A= Q{v) we write € instead of Ca- 

Let M, M' G €a, The tensor product M®aM' will be regarded as a UA-module 
by the rule c{z®z') = Yja.be^^c'^"-^®^^' where c e'B, z e M,z' e M' . (AU but 
finitely many terms of the last sum are 0.) The fact that the rule above defines an 
Uyi-niodule structure follows from 1.5(iii). We have M ®a M' G Ca- This makes 
^a into a monoidal tensor category. 

For any M, M' in Ca let /7^m,m' : M' (g) M ^ M (g) M' be the isomorphism 
in €a defined in [LI, 32.1.5] in terms of a fixed function / : X x X — > Z as in 
[LI, 32.1.3]. (In the formula for fTZM,M' in [LI, 32.1.4] we interpret b~m,b''^m' 

as Ea^~1a"^' Ea^'^Ia^t-'O 

To any object M G (Ia we associate a new object G ^a with the same 
underlying A- module as M and such that for any u G Ua, the operator m on "^M 
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coincides with the operator uj{u) on M. 

For any X e X+ let Aa = f/Tx where Tx = Eif^i*'^^^^- Let r]x = 1 + Tx. 
We regard Aa as an object of C in which {9^'lx')r]x = for z e /, A' e X, 
{x-lx')vx = Sx,X'X + Tx for xef,X' ex. We have Aa G £ ([LI, 6.3.4]). 

Let Ax, A = U^?7a. This is an ^-lattice in Aa and Aa,^ G Ca- Note that 
Vx e Aa,^. 

Let Ax,A — A ^A Ax,A- By extension of scalars Ax,a becomes a Uyi-niodule. 
We have Aa.^i G €a- We write rjx instead of 1 (8)^ r]x e A (g)^ Aa,^ = Lx,a- Now 
r]x G Aa,a regarded as an element of '^Aa,^ will be denoted by ^_a. 

For A G X+ there is a unique subset Ba of B such that b ^ {b~lx)r]x is a 
bijection of Ba onto a basis B;^ of Ax, a] for 6 G B — Ba we have (6~1a)?7a = 0. 
There is a unique subset B^ of B such that b i— (6"'"1_a)^-a is a bijection of B^ 
onto B;^; for 6 G B - B';^ we have (6+1_a)C-a = 0. 

Note that Ba, B^ are independent of A. 

1.7. For A G X+ let U--^ be the set of aU tt G U such that for any A' G X+ such 
that A' ^ A we have u\a^, = (a two-sided ideal of U). By [LI, 29.1], U^^ n B is 
a basis of U-^ and there is a unique partition B = UAex+B[A] such that for any 
A G X+ we have U^^ n B = UA'ex+;A'>AB[A']. By [LI, 29.1.6], B[A] is finite for 
any A G X+. 

Lemma 1.8. For any c G B, the set {(a, 6) G B x B; ^ G ^ — {0}} is finite. 

We may assume that A = A. Let c G B. We have c G B[A] for a unique A G X+. 
Let (a, 6) G B X B be such that ^ 7^ 0. We have a G B[A'], b G B[A"] for some 

A', A" in X+. We have a G U^^'. Since U^^'U C U^^', we have ab G U^^'. Since 
c appears with non-zero coefficient in ab and U-^ flB is a basis of U-^ , we have 
c G U^^'nBthat isc G UA,ex+;Ai>A'B[Ai]. Thus A > A'. Similarly, A > A". Thus 
{(a, 6) G BxB;m;^_^ ^ 0} is contained in U(;,,^;^»)gx+ xX+;A>a',a>a"B[A'] x B[A"]; 
this is a finite set since {(A', A") G X+ x X+; A > A', A > A"} is finite and each 
B[A'] X B[A"] is finite. The lemma is proved. 

1.9. For any A, A' in X~^ there is a unique (finite) subset Ba,a' of B such that a ^-^ 
a(^_A ® rjx') defines a bijection of Ba,a' onto an A-basis B;^ of '^Ax,a ®a Ax',a', 
moreover a(^_A ®a Vx') =0 for any a G B — Ba,a'- This property appears in [LI, 
25.2.1] in the case where A = Q{v) but it is then automatically true for general A. 
Note that the subset Ba,a' of B is independent of A. We have B = Ua.a'sx+Ba.a'- 

1.10. We show: 

(a) IfMeCA then 21 := {a G B; oM ^ 0} is finite. 
Let zi, ■ . ■ T Zr be a set of generators of the A-module M such that each Zj 
is contained in l^^M for some Q G X. As in the proof of [LI, 31.2.7], for 
j G [l,r] we can find Aj,A^- G X+ such that X'j — Xj = (j and a morphism 

: '^Axj,A ®A ^X'.,A M in€A such that (pi^-x, ® Vx'.) = zj. If a G 21 then for 
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some j we have azj ^ hence a(C-Aj ® Vx'j) 7^ in ^Axj,a ®a ^a^.,a- Thus we 
have a G B;s^^ ;^/. We see that 51 c Uj^[i^r]^\j,x'.- Thus 21 is finite. 

1.11. Let XJa be the yl-module consisting of all formal linear combinations 

^ Uaa 

with Ha & A. We define an A-algebra structure on \Ja by 

a€B 6€B ceB 

where Tc = $^(a 6)gbxB "^o fe'^o^b- The last sum is well defined since by 1.8 it 
has only finitely many non-zero terms. This algebra structure is associative by 
1.5(i) and has a unit element 1 = XIaex ^>^- have an imbedding of A-algebras 

C under which 6 G B C XJa coressponds to XlaeB ^a,b(i' ^ U/i- 
" (2) 

Let be the ^d-module consisting of all formal linear combinations 

na,a'a<^a' 

(a,o')eBxB 

^ (2) 

with na,a' G A. We define an A-algebra structure on U^'^ by 

(a,a')eBxB (6,6')eBxB (c,c')eBxB 

where rc,c' = Yl,a,a' ,b,b' ^a,h^i' ,b'^a,a'nh,b' ■ (Again this sum is weU defined by 
1.8.) This algebra is associative by 1.5(i) with unit element 1 = Yl\ x'ex ® 1a'- 

" (2) ' 
Note that IJ\ ' is associated to the direct sum of two copies of our root datum in 

the same way as is associated to our root datum. For ^ = XlaeB ""o^ ^ 

C = J2a'€B^a'a' £ Ua, WC SCt C ® C = E(a,a')eBxB ^a^a'O ® o' G iK^). NotC 

A A ^ ('2) 

that C) C C ® C defines an ^-algebra homomorphisms 'S'a — ^ U)^\ We 
define an ^-linear map A:Va^ Uy by 

(o,6)eBxB 

for any c G B. By 1.5(iii), A is an A-algebra homomorphism. 
We define an ^-linear map m : U^-' XJa by 

(a,a')eBxB 6eB (a,a')eBxB 
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This is well defined, by 1.8. In particular, if e Ua we have m(^ ® = 
(product in U^) where ^ ^' is regarded as an element of U^^^ as above. 

We define an ^-linear map S : Ua Ua by ^^^b '^a'^ ^ X^oeB ^a'^aOi ^ind 
^-linear maps -S^^) . u(J) ^ -^(O'l) : 11^^'^ ^ U^'^ by 

(a,a')eBxB (a,a')eBxB 

^(0,1). ^ (g) a' 1-^ ^ Sa'na,a'a(8) a'. 

(a,a')eBxB (o,o')eBxB 

In particular for in we have S^'^^i ® i') = ^(0 ® S{i'), S^^'^\i ® i') = 

We define an ^-linear map uj : TJa — Ua by ^^^b ^a'* '"^ SaeB ^a'^^aO-' cind 
an ^-linear map a;^^^ : U^-' U^'* by 

(o,a')€BxB (a,o')GBxB 

In particular for ^, ^' in Ua we have a;*^^^(^ (g) = ® 

For e, in Ua we have = S{e)S{0, com = ^iO^i^) (see 1.5(v),(vii)). 

We define an ^-linear map e : Ua — ^ by X^oeB '^a'^ ^ '^lo- This is a 
homomorphism of ^-algebras preserving 1, by 1.5(xii). 

1.12. Let M e €a- We define an ^-linear map Ua — > HomA(M, M) by XlaeB ^a*^ 
z I— > X^aeB '^aOi-^- The last sum is well defined since, by 1.10(a), all but finitely 
many of its terms are 0. This defines a structure of left UA-module on M extending 
the UA-niodule structure. Note that 1 G Ua acts as 1 on M. 

Similarly, if M G €a, M' G £a then the obvious Ua (8 UA-module structure on 

^ (2) 

M<®aM' extends to a U)^ -module structure on M®)aM' defined by the A-linear 
map U^^^ HomA(Af ®aM',M ®a M'), 

TT-a^a/a (8) a' : 2; (8) 2;' I— > na,a'0>z <S) a' z' . 

(a,o')eBxB (a,o')eBxB 

We can now regard M (^a M' as an UA-module by restricting the U^ -module 

'■ (2) 

structure to Ua via the algebra homomorphism A : Ua — ^ ^a- Note that the 
resulting UA-modulc M (S)a M' is the one defined in 1.6. 

1.13. Let A, A', Ai, A2, A']^, A2 be elements of X+ such that A = Ai + A2, A' = 
X'l + A2. Let T : Ax'^+x'^^A ~^ ^a;,^ ®A -^a^,^ be the restriction of the unique 
unique morphism Ax'^+x'^ ~^ ® -^A^ in ^ such that rjx^+x'^ ^ Vx'^ ® ^A^: see 
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[LI, 25.1.2(a), 25.1.2(b)]. Similarly let %' : ^^A^.+a,,^ ^ '"A^,,^ ®a ^^x„A be 
the restriction of the unique morphism '^Aai+A2 ~^ '^■^Xi (H) '^A^a in € such that 
^_Ai-A2 ^ C-Ai <8) C-A2- Note that T, T' are morphisms in €a- We define 

T : "Aa,^ (^a Aa',^ ^ "Aai,^ (^a Aa;,^ ®^ "Aa^,^ ®^ Aa^,^ 
as the composition 

'^Aa,^ 0a ^X',A '^Aai,^ 0a ""^x^a ® Aa;,^ ®A ^X'^,A 

^ '^Aai,^ <8)^ Aa;,^ ®A '^Aa2,^ 0^ Aa^,^, 

a morphism in (La- Define p : XJa '^Aa,^ ®^ Aa',^ by u i— > w(^-a ® ^?a')- Define 
p' : U^^ ^ '^Aai,^ ®^ Aa;,^ <^a '^Aa2,^ ®^ Aa^,^ 



hyu^ u{^^x,(^aVx',^aC-x,®aVxO- Here M®^M' with M = '"Aa,,^®^Aa;,^, 
M' = '^A 
diagram 



M' ~ '^AAa,^!.®^!. Aa^,^ is regarded as a -module as in 1.12. We show that the 



p 



'^Aa,^®^Aa',^ M®aM' 

is commutative. We regard as a U^-module via left multiplication. We regard 
Uj^' as a U_4- module in which u e acts by left multiplication by A(«). Then 
A is U^-linear since A is an algebra homomorphism. From the definitions we 
see that p and p' are IJ_4-linear. Thus all maps in our diagram are U^-linear. 

Since {1,,.; x G X} generate the U^-module U^, it is enough to show that the two 
compositions in the diagram coincide when applied to any 1^ with x ^ X. Thus 
it is enough to show that 

T{l^{^_X®r]x'))= (lx'(C-Ai«)r/A;))«)(lcc"(e-A2«'^Ai)) 
x' ,x"£X;x'+x"=x 

or equivalently that 

t(C-a ® VX') = C-Ai <8) VX[ ® C-A2 ® VX'^- 
This follows from the definitions using the equality 

fT^^L^Ay A^-x.^VxO = ^~^^^"^'^Vx[^^-x,. 
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We now show: 

(a) The A-linear map t is a split injection. 
Since r is the composition of T' ®^ % with an .4-hnear isomorphism, it is enough 
to show that %'^_a% is a spht injection. It is also enough to show that the ^-hnear 
maps T and %' are spht injections. By [LI, 27.1.7], % carries B;^, (an ^-basis of 
^X',a) bijectively onto a subset of ^x'^^y^ (an ^-basis of ^x[,A ®.4 ^x'2,a)- Hence 
T is a spht injection. 

We identify the ^modules '^Axj_,a<^a'^-^X2,A^ Ax2,A<^aA\i,A hy xi^y ^ y®x. 
Then T' becomes the ^-hnear map A^,^ — ^ A\2,A ®A A\i,A of the same type as 
T; hence it is a spht injection by the previous argument for T. This proves (a). 

1.14. Assume that A, A', Ai, A2, A^, A2 in X+ are such that A = Ai + A2, A' = 
A'l + A'2. We show: 

(a) i/a e Bai,a;, b e ^X2,\'^, c' e B - Ba,a' then m^f = QinA. 
In the commutative diagram in 1.13 we have p(c') = hence p'(A(c')) = that is 

P'(Ea,6GB ^c'''« ® = so that 
a,6eB 

The term corresponding to (a, b) is unless (a, b) G B^^^a'^ xBaj.a^,; moreover when 
(a, 6) runs through Bai,a; x Ba2,a^, the elements a(^_Ai ® Vx[) ® b{^-X2 ® Vx'J 
are linearly independent (they form the basis B;^^,a; ® B;(^2,a^)- follows that 
rhl;^ = for any (a, b) G Bai,a', x Bx^^x'^- This proves (a). 

1.15. In the setup of 1.14, we show: 

(a) Let c G Ba,a'- There exists a function h : Ba^^a; x Baj.a^ ~^ >^ such that 
for any c' we have 

^ h{a,b)m'f ^ 5c,c'- 

ae^^^^,^,6eB;^2_^^ 

For any A, A' in X+, we set W = 6(C_a '^A Vy) ^ ^ -^a A' ^^^^ {6'''; 6 G B^ 
is an ^-basis of '^A^ ^ <Sia ^x' A denote by {6; b G B^ y} the dual ^-basis 

of Hom^^^C^A^ A^, In particular the bases {c'; c' G Ba,a'}5 {o'; a' G 

Bai,a;}, {b';b' G Ba,,aJ of Hom^(AA,^®^AA',^,^), Hom^(AA,,^®^AA;,^,^), 
Hom_4(AA2,^ '^A Aa^,^)«4.), are defined. By 1.13(a), we can find an ^-linear map 

V' : ^XuA ®A Ax[,A ®A Ax2,A ®A Ax'^,A ^ ^a,^ 0A ^X' ,A 

such that ipT = 1 with r as in 1.13. The transpose maps ^ip, *t satisfy ^ri^ij)) = 1. 
We can write uniquely 

*^(c)= J2 h{a\b')a' ®y 
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C = 



with h{a',b') e A. Hence 

J2 h{a',h'YT{a' ®y). 

Evaluating both sides at c'"^ with d e Ba,a' and using 

(which follows from the commutative diagram in 1.13) we have 

5c,c' = ^ h{a' ,b')ml;^5a',aSb',b 

that is 

This also holds when c' e B — Ba,a' (both sides are by 1.14(a)). This proves (a). 
Lemma 1.16. For any a, b in B, the set {c e B; m^'*' e A — {0}} is finite. 

We have a e B;)^^ y^, 6 e Bjj^^.A^ for some Ai,A'i,A2,A2 in X+. By 1.14(a) we 

have {c G B;m«''' e ^ - {0}} C Bx^+x^,x{+\'2- Since Bai+a2,a'i+a^ is finite, the 
lemma holds. 

1.17. We define an ^-linear map D-.Va^ by 

X^ ngC I— >• X^ rh'^'^n^a ® b. 

cGB (a,b)eBxB cGB 

This make sense: for any (a, &) G B x B, the sum XlreB ^c'^^c has only finitely 
many non-zero terms. (See 1.16.) Using 1.5(iii) wc sec that D is an A-algebra 

" (2) 

homomorphism. It clearly extends the homomorphism A : — > ■ Fi'oni 
1.5(vi),(viii) we see that 

for any ^ G where S^'^\(jj^'^^ are as in 1.11 and tr : U^^^ is the ^-hnear 

map given by 



(a,o')GBxB (o,a')eBxB 



If f = 1 in A then tril>(^) = D{^) for ^ G (see 1.5(xiii)). Hence in this case we 
have D{S{0) = 5(^)^(0, D{u{C)) - cc;(2)^(0 for ^ G U^. 
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1.18. For any i e I and h e A we set 

xi{h) = Yl ^'^f ^^1a e Va, 

ceN,A6X 
ceN,A6X 

Note that ^^^^Ia e B, see [LI, 25.3.1]. We have 

yi{h) = u{xi{h)). 

We show: 

(a) If V = 1 in A then D{xi{h)) = Xi{h) (g) Xi{h) e D{yi{h)) = yi{h) ® 
y^{h)etf. 

Without assumption on w e A we have 
t',t"eN,A',A"ex 

= j: ft''«"«-'''"«-<'.*">'>r'-i.,) » (»f">-ivo. 

t',t"6N,A',A"GJ£: 

The desired formulas foUow. 
We show: 

(b) If V — 1 in A and h, h' G A, then Xi{h + h') — Xi{h)xi{h') G \5 a-, Viih + h') = 
y^{h)y^{h') G Ua- 

Without assumption on v G ^ we have 

xi{h)xi{h')^ J2 ( E 

tEN,A6X t',t";t'+t"=t 

y,{h)y,ih')= E ( E 

tGN,AeX t',t";t'+t"=t 

If V = 1 wc have [*] . = (*) and J2t' ,t";t'+t"=t^^' h'^" [t']i = {h + h'f. The desired 
formulas follow. 

1.19. We say that a (possibly infinite) sum "^ZfepPf with pf G Ua is defined 
in Ua if, when setting pf = Y^aeB^aja G Ua (^a,/ G A), the set {/ G 
F; Uaj 7^ 0} is finite for any a G B. In this case we assign to the sum the 
value X]a€B(X]/eF j)*^ ^ Ua- Using 1.8 we see that, if the (possibly infinite) 
sums Xl/eF^/' S/'GF'P/' defined in Ua, then the sum Yl{fj')eFxF'PfP'f' 
defined in Ua and we have 

(E^'/)^ E p'f'^ = E pfp'f'^ 

feF f'eF' {f,f')eFxF' 
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2. The elements s[^^,s'l^^ of 

2.1. In this section we introduce and study some elements g, s^'g of \Ja which 
implement the braid group action [LI, Ch.39] on U^. 

Let i E I,e = ±1. Let 

yeZ,xeZ,\eX;{i,\)=x+y 



Note that in the formulas above each 9^^^ Ia^^^"*^ belongs to B (see [LI, 25.3.1]). 
We have oj(s[J = s'l^. 

Lemma 2.2. For any r & Z we consider the sums 

(i) E (-i)"^f-"^^'+")^(™)-^;"^+^f)-iA, 

m,n,p&'N,X£X;{i,X)=m—n+p—r 



(ii) E (-1)X'^""^+"^^^^+^J"^"^?^+1a. 

m,n,p£'N,X£X;{i,X) =—m+n—p+r 

(a) The sums (i), (ii) are defined in \] a- Let t[ ^ ri'^ie r their value in \Ja- 

(b) We have <g,o = .^,g, <g,o = s",. 

(c) If V = 1 in A and r e Z — {0}, we have r/ g = 0, r/ g = 0. 

(d) If V = 1 in A we have s-'g = Xi{l)yi{-l)xi{l), s- g = yi{l)xi{-l)yi{l) in 
Va. 

(e) Ifv = linAwe have D{s[^J = s'^^^ ® s\^^ and t){sl^) = s'^^ ® s'^^ m U^'^ . 
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We compute formally the sum (ii) for r e N (using 1.4): 



^_-j^^n^e{-mp+n)g{m)+-^ 
m,n,p£'N,X£X;{i,X) =—m+n—p+r 

(_l)n^e(-mp+n)^ 



n{n)-n{p) + 
X+pi'-ni'fi c/j 



mGZ,neZ,peN,tGN,AeX;(i,A) = -m+n-p+r 



X 



m + n — {i, —A — pi' + ni') 
t 



(n-t)- 



1 



X+pi' —ni' + {n+m—t)i 



'9 



im-t) + g{p) + 



E 



(^_l-jri^e{-mp+n) 



mGZ,nGZ,pGN,teN,AeX;(i,A> = -m+n-p+r 



r + p 



X 



X 



m + p — t 
P 



X+pi' —ni' + {n+m—t)i 



-fM'O. 



{m+p-t) + 



E 



X 



m6Z,x6Z,p6N,teN,A6X;(i,A) = -m+a;+t-p+r 
m + p — t 



X 



P 



q{x)-^ rt(m.+p-t) + 

^X+{m+p-t)i'^i 



^_]^^a:+t^e(-(y-p+t)p+a;+t) 



yeN,xeN,A€X; 
{i,A)=— j/+x+r 



r + p 

t 



^x,y,X;r'^i ^X+yi"^i 



where the last product 9^^^ lx+yi'9l^^~^ belongs to B (see [LI, 25.3.1]) and 



_ (_-\\x+t„e{-{y-p+t)p+x+t) 
^x,y,X;r — K ^) 



r + p 
t 



Note that only finitely many terms of this sum can be 7^ (those for which p < y 
and t < r+p); here we have used that r G N. In particular the sum (ii) is defined 
in JJa and has a value r/' .„ in U^. 
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Next we compute formally the sum (ii) for r e — N (using 1.4): 



m,n,p6N,A£X; (i,A)=— m+n— p+r 



n„e(-mp+n)n(m) + n(n)--, q(p) + 



meN,n6Z,p6Z,teN,AGX;(i,A) = -m+n-p+r 
X '^i '^i ^\+pi'-in+p-t)i'f^i 

_ ^ i^_^'^n^e{—mp+n) 

meN,neZ,pGZ,teN,AeX;(i,A) = -m+n-p+r 
m+p-t ^rn+p-t)+. nin-t)- 



n + p — {i, X + pi') 
t 



X 



m — r 
t 



X 



X 



m 



\-{n-t)i' 



^_-]^^x+t^e(-m(a;+t-m)+2/+t) 

meN,xeZ,yeZ,t6N,AeX;(i,A)=j/-a;+r 



m — r 
t 



X 



X 



m 



iy)- 



■'X,y,\;r^ 
xeN,y&'N,\eX;{i,X)=y-x+r 

where the last product 9l^^~^lx-yi'9l^^~ belongs to B (see [LI, 25.3.1]) and 



■'X,y 



mGN,tGN 



m(x+t—m)+y+t) 


m — r 




X 




t 


i 


m 



Note that only finitely many terms of this sum can be ^ (those for which m < x 
and t < m — r); here we have used that r e — N. In particular the sum (ii) is 
defined in and has a value r/ g.^ in U^. 

From the computations above we see also that the sum 

^e{-mp+n) 0{m)+ g{n)- g{p)+ 

m,n,p€N,A€X 

is defined in and its value r/'g e \Ja is equal to J2r€z'^i,e,r- 
In the formula for Cx,y,x;Q we have 



J](-l)-+*<^-(^-^+*^^+"+*) = (-l)-<(-^^-^)^+"^5p,o = {-irvf6p,o 



hence Ca;,y,A;0 = (-1)^<^ and 



'^i,e;0 — E 



yeZ,xeZ,XeX;{i,X} = -y+x 
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We see that t^'^.q — s'(^^. Similarly, we see that the family defining the sum (i) is 
defined hence it has a value t[^^.j. in U^, that the sum 

\ / % % % % 

m,n,peN,AGX 

is defined in and its value r^' g G X] a is equal to ^^^z^i.e,?-" thaX 
r/ g-o = s^^e- (These statements could be also deduced from the earlier part of the 
proof using that r/'g.^ = uj{rle.r)-) 

In the remainder of the proof we assume that w = 1 in A. In this case in 
the formula defining c^^y^x-r with r > we have XlteN(~-'-)^''"* ■ ~ ^ since 
r + p > and v = 1. Hence c^^y^x-r = and r"g.^ = for r > 0. In the formula 
defining Cx,y,x;r with r < we have ^^^nI— l)^"*"* ["^^T i ~ ^ since m — r > hence 
Cx,y,\;r = and r/'g.^ = for r < 0. We see that r"g.^ = for r 7^ and r/'g = 
T/'e;0 = s'U Applying u we see that r/ g.^ = for r 7^ and r/ g = r/ g.Q = g. 
It is clear that r/'g = a;i(l)yi(-l)a;i(l), r/g = yi{l)xi{-l)yi{l) in U^. Hence (d) 

follows. Now (e) follows from (d) using 1.18(a) and the fact that D : \Ja — > 
is an algebra homomorphism. 

2.3. Let i E I,e — ±1. Let T/g, T/'g be the algebra automorphisms of defined 
in [LI, 41.1.8]. For any M G let T^'g :M-^M, T[[^ : M ^ M be the A-linear 
isomorphisms defined in [LI, 41.2.3]. From the definitions we have T[ ^{z) = r- ^.qZ, 
Tl[^{z) = t-[^.qZ for z e M (using the UA-module structure of M). By [LI, 41.2.4], 
for u e U^, 2; G M we have 

TUuz) = Tl,{u)(Tl,{z)), Tl[,{uz) = T/^ («)(!;'; (2)), 
hence, using 2.2(b): 

(a) s'i^^uz = r(g(w)(s^^g2), s'l^uz = Tll^{u){s'l^z). 
We show: 

(b) 5- e<-e = 1- 

Let s = s[ eS^'_e — 1 G XJa- We have s = X^^^b Uaa with Ua E A. If M G and 
2 G M we'have sz = Tl^Tl'_^{z) - z = 0, see [LI, 41.2.4]. In particular if A, A' G 
X+ we have s(^_a®??a) = in '^Ax,a^a^x',a- Hence J^aes^ y naa{C-x®ri\) = 0- 
Since the elements a{^-x rjx) with a G Ba,a' form a basis of '^Aa,a ®a Aa',a it 
follows that Ua — for any a G Ba,a'- Since B = Ua,a'Ba,a' we see that Ua — 
for any a G B hence s = and (b) is proved. 
We show: 

(c) for any ueVA we have T^^iu) = g-us^ g'S T^'^^iu) = sl^us'l'^ . 
IfM G £a and 2 G M we have (using (b),(a)) s[ ,,us[^^~^s[^^z = s[^^uz = Tl^^{u){z). 
Thus, setting u' = s[ gUs[ g~^ —Tl^{u) G Ua, we have u' z = 0. Since this holds for 
any M, z we see as in the proof of (b) that u' — 0. This proves the first equality 
in (c) . The second equality is proved similarly. 
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2.4. Let i j in I. Let e = ±1. Let n = = Uji be as in 1.1. We show: 

(^) ^i,e^'j,e^'i,e ' ' ' — Sj,e^i.e^'j,e • • • in Ua; 
(b) <e4e<e ' " " = ^e^e^e " " " 

(all products in (a) and (b) have n factors). 

Let si G \Ja be the left hand side minus the right hand side of (a). If M G €a 
and z G M, we have siz — (T/^Tj ^T/^ . . .)z — (Tj ^T/^Tj ^ . . .)z and this is by 
[LI, 41.2.4(a)]. Thus siz = 0. Since this holds for any M, z we see as in the proof 
of 2.3(b) that si = 0. Thus (a) holds. The proof of (b) is similar. 

2.5. Let e = ±1. Let w G W. From 2. 4(a), (b) we deduce by a standard ar- 
gument that there are unique elements w'^ G \Ja, ^ such that w'^ — 
<,e4,e---<,e' '^e = <,e<,e---<,e ^r any sequcucc H,Z2,...v in W such 
that w = Si^Si^ ■ ■ - Si^ inW with r = l{w). Using 2.3(b) we see that w'^{w~^y!_^ = 
1. From the definitions we have (jo{w'g) = w'^. 

2.6. Let e = ±1. Assume that v = 1 in ^. From 2.2(d) we see that for i e I, 
g, g are independent of the choice of e; we denote them by s^, s'- . Using this 

and the definitions we see that for w G W, w'^,w'^ are independent of the choice 
of e; we denote them by w',w". Using 2.2(e) and the fact that D is an algebra 
homomorphism we see that 

(a) D{w') = w' ® w', D{w") = w" ® w" (in U^^^) for any weW. 

2.7. Let B+ = {6+1a; 6 G B, A G X} = {1a'^>+; 6 G B, A' G X}, a subset of B, see 
[LI, 25.2.6]. Let B" = {h-lx;h G B,A G X} = {1a'6-;6 G B,A' G X}, a subset 
of B. Let (resp. U^) be the ^-submodule of XJa spanned by B+ (resp. by 
B~). Now B+ (resp. B~) is a basis of the ^-module (resp. U^) and U^, 
are subalgebras of \J a- From the definitions we have uj{h'^lx) = b~l-\ for 6 G B, 
A G X. Hence setting a = b'^lx G B"*" we have Ca — 1 and a' — b~l-x (see 1.5). 
Thus, uj : XJa — * restricts to a bijection B+ ^ B~ and to an A-algebra 
isomorphism Uj^ U^. 

For 6,6' G B we set 6+ = 'Zxex e U^, 6'" = J^xex ^'"1a e U^- Then 
the elements 6+1^6'" G XJa, b'^lxb~ G XJa (as in 1.4) which are not products in 
XJa, can be interpreted as products 6+ • 1^ • 6'~, b'~ •1^-6"'' in U^. 

2.8. Assume that v — 1 in A. Let wq be as in 1.1. Let n = l{wo). We fix 
a sequence ii, ^2, • • • , in / such that Si^s^j ■ ■ ■ = wq. For any c G N and 
k & [1, n] there is a unique element Xc,k £ such that in IJa we have 

T" T" T" C^'^^^+l x^l — 7-+ K 

for any A G X+. (See [LI, 41.1.3].) For any c = (ci, C2, . . . , c^) G N'^ we set 

— •^ci,l2^C2,2 ■ ■ ■2^c„,n ^ ^A- 
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By [LI, 41.1.4], [LI, 41.1.7], the set {x^; c G N'^} is an ^-basis of f^. We show: 
(a) For any c e N"' we have 

D{x+) = ^ x+, ® a;+„ in 

c',c"eN;c'+c"=c 

(The last sum is defined since c', c" only take finitely many values.) For any 
A; e [1, n] , c e N we have 

c ,c 6JN 

c +c =c 

(Wc use the formulas Tl\{u) = s'lius'li~^, see 2.3(c), and D{s"-^) = s'l^®s'l^, see 
2.2(e).) It follows that 

D{xt) = ^«,i)I)«,2) • • •^«,n) 

c',c"GN;c'+c"=c 

which yields (a). 

3. The Hopf algebra Oa 

3.1. In this section we define the Hopf algebra Oa as a submodule of the dual of 
XJa defined in terms of B. We also study some basis properties of O^. 

For any ^-module V we set = Hom^(y, A). For any a e B we define a linear 
form a* : TJa — > A hj a' ^-^ 5a,a' for all a' G B. Let be the A-submodule of 
spanned by {a*; a G B}. Thus {a*; a G B} is an A-basis of O^- We define an 
A-algebra structure on by the rule a*b* = XlceB ^c'^^* for any a, b in B. (The 
sum is well defined by 1.16.) This algebra structure has a unit element namely Ig. 
The ^-hnear map S : Oa ^ Oa<S>a Oa given by c* ^ Zl(o,b)eBxB ^l,b'^* ® ^* 
well defined by 1.8; we call it comultiplication. Define an ^-linear map (antipode) 

: ^ Oa by S{a*) = SaO* (see 1.5) for a G B. Using 1.5(i)-(vi), 1.5(ix)-(xu) 
we see that (O^, S) is a Hopf algebra over A with 1 whose counit Oa — ^ A is 
given by a* 1-^ 1 if a = 1a for some A G X and a* i-^ if a G B is not of the 
form 1a, X E X. From the definitions it is clear that O^ = A ®^ O^ as a Hopf 
algebra. Define an ^-linear involution uj : Oa — > Oa by uj{a*) = e^a'* (see 1.5) 
for a G B. This is an isomorphism of the algebra Oa onto the algebra Oa with 
the opposite multiplication (see 1.5(viii)) preserving 1; moreover it is compatible 
with the comultiplication of Oa (see 1.5(vii)). 

3.2. We can reformulate 1.15(a) as follows. 

(a) Let c G B. Assume that A, A', Ai, A2, A'^^, A2 in X+ are such that A = Ai +A2, 
A' = X'l + A2, c G Ba,a'- There exists a function h : Ba^^a; x Ba2,a^ ~^ «4 such 
that EaeB, w ,6eB, h{a, h)a*h* = c* in Oa 
Here a*b* is product in Oa- 
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Proposition 3.3. The A-algebra Oa is finitely generated. 

We choose A^, A^, . . . , A'^ in X+ - {0} such that X+ = NA^ + NA^ + ■ ■ ■ + NA^ 
Let r+ = U,e[i,r]BA.,o, T" = U,e[i,,]Bo,A. , T - r+ UT". We show: 

(a) The (finite) set {b*;b e F} generates the A-algebra Oa- 

We can assume that A = A. For any c e B let iV = iVc be the smallest integer 
> such that there exist (ni, n2, . . . , n^) G N'~, {n'l, n'2, . . . , n'^) G N*^ with 

(b) c e Ba,a' where A = nlX^^-n2X^^ VrirV , X' = n'^A^+n^A^H Vn'^X'' 

and Y.j + Ej = ^• 

Clearly Nc is well defined. Let 5" be the ^-subalgebra (with 1) of generated 
by F. It is enough to show that c* e ^ for any c e B. We shall prove this by 
induction on A''^. If Nc = then c e Bo,o hence c = Iq and c* is the unit element 
of O^. If A^c = 1 then c G F and c* G Assume now that Nc = N > 2 and 
that the result is known for any c' G B with Nc' < N. We can find A, A' in 
and (rij) G (n^) G N'^ so that (b) holds. We can find A;,A;,A2,A^ in X+ 
such that Ai + A2 = A, X[ + X2 = X' and either (Ai, A'l) = (A-', 0) for some j 
or (Ai,A'i) = (0,A^) for some j. For any a G Ba^^a; we have Na < 1; for any 
b e Ba2,a^ we have iVfo < - 1. We can write c* = EaeB. w 6eB, „ ^(«' ^)«*^* 

as in 3.2(a). By the induction hypothesis, for each (a, b) in the sum we have a* G 5", 
b* G S^; hence c* G ^. This completes the inductive proof of (a). The proposition 
is proved. 

3.4. Let A G X+. The sets Ba,o, Bo,a which enter in the definition of F in 3.3 can 
be described as follows: 

(a) Ba,o - {6+1-a; b G B^}, Bo,a = {^Ia; b G Ba}. 

We only prove the first of these equalities; the proof of the other equality is similar. 
For b G B';^ we have 6+1_a(^-a ® Vo) = (^>+1-A'^-a) ® Vo 0. Since b+l-x e B, 
it follows that 6+1-a G Ba,o- Thus {6+1_a;6 G B';^} C Ba,o- Since this is an 
inclusion of finite sets with the same cardinal, it is an equality, as required. 
We see that 

(b) the number of generators of the A-algebra Oa given by the proof of 3.3 is 
at most 2 Es=i ■^A'* • 

3.5. For any a G B+ (resp. a G B~) the restriction of the linear form a* : IJa — 
A to (resp. U^) is denoted again by a*. Let (resp. O^) be the A- 
submodule of Uj^* (resp. U^*) spanned by {a*;a G B+} (resp. {a*; a G B~}). 
Note that {a*; a G B+} (resp. {a*; a G B~}) is an A-basis of 0\ (resp. O^). 
We define an A-algebra structure on by the rule a*b* = EceB± "i^c'^c* for 
any a, 6 in B^. (The sum is well defined by 1.16.) The (surjectivc) A-linear map 

: Oa — Oj[ given by a* 1— >• a* (if a G B"*"), a* 1— (if a G B — B+), respects 
the algebra structures. (If c G B+, a G B, 6 G B, m"'^ then a G B+, 
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b e B^). Similarly, the (surjective) ^-linear map 7r~ : Oa given by 

a* I— > a* (if a e B~), a* i— > (if a e B — B~), respects the algebra structures. It 
follows that the algebras O^, are associative with 1. Define an ^-linear map 
5± : Oj ^ Oj ®A Oj by 

(o,6)GB±xB± 

for any c e 6=*=. The sum is well defined by 1.8. Note that tt"^ is compatible with 
S,S^. Define an ^-hnear map : — > by S^{a*) = SaO* for a e B^. 
(We then have a G B^.) Note that (O^, 5^, S^) is a Hopf algebra over A with 
1 and with counit a* i— 1 if a = 1a for some X E X and a* i-^ if a G B^ is 
not of the form 1a, A G X. From the definitions we have = A as Hopf 

algebras. Define an A-linear isomorphism uj : 0\ ^ by uj{a*) = a^* (see 1.5) 
for a G B+. (Recall that = 1.) This is an isomorphism of the algebra 0\ onto 
the algebra with opposed multiplication. 

3.6. Let L : Oa — > <Sia 0\ be the A-linear map given by the composition 

Oa ^ Oa ®a Oa > O;^ ®a O^. (Note that i is an ^-algebra homomor- 

phism.) 

Lemma 3.7. The A-linear map l is a split injection. 

For A G X+ let Zx be the set of pairs (a, 6) G B~ x B+ such that a G B[A], 6 G 
B[A], alA = a, Ia^ = b. By [L2, 4.4] for any (a, b) G Za there is a unique c G B[A] 
such that 777,^5 = (^c,c' for ^iny c' G B[A]; moreover {a,b) i— > c is a bijection t/^a '• 
Z\ ^ B[A]. Let Z — Ux^x+Zx- Then •0 := UaV^a : ^ — * B is a bijection. 

Let Z_he the A-submodule of O^^aOJ^ spanned by {a*i^b*; (a, b) E Z}. Define 
an A-linear map p : O^ ®a OJ^ — * Z_hy sending a basis element a* (8> 6* to itself 
if (a, b) E Z and to otherwise. It is enough to show that pi is an isomorphism of 
^-modules. 

Let c G B[A], A G X+. By definition we have ri{c*) = Z](a,6)ez "^0,6*^* ® 
(a, 6) G Zx',X' G X+ and 5 7^ then as in the proof of 1.8 we have A' < A. 
Thus 

pi{c*) ^a*o®b*o+ J2 <,60*®6* 

X'ex+-\'<x (a,b)ez^, 

where (oq, 60) — i^x^ic) E Zx- We identify Z with Oa as A-modules via the 
bijection a* ®b* ^ c* (with c = '0(a, 6)) between the bases of Z, Oa- Then we 
have 

Pl{c*) = C* + Y ^ Xc',cC'* 

A'eX+;A'<Ac'eB[A'] 

where Xc'^c ^ ^- We see that is represented by a square upper triangular matrix 
with entries in A and with 1 on diagonal. It follows that pi is an isomorphism. 
The lemma is proved. 
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3.8. In the rest of this section we assume that v = 1 in A. 

For a, 6 e B we have ab = X^ceB (^a,b^ (^^ ^a) where /i^ ^ e A are zero for all 
but finitely many c. In the case where A = A we define a homomorphism of A- 
algebras r : f4 — ^ ®a the restriction of the homomorphism r : f — > f ® f 

given in [LI, 1.2.6]. For general A we define a homomorphism of A-algebras 
r : fyi — > ®A by appplying A®^? to the homomorphism r : £4 — > £4 ®^ f^. 
For any a, 6, c in B we define p,^'^ & Ahy the following requirement: for any c e B 
we have r(c) = jj'^'^a b (in the last sum /i"'^ is for all but finitely 

many (a, 6)). We define an A-algebra homomorphism S from f/i to f/i with the 
opposite multiplication by S{9l^^) = (— 1)"^^^^"^'' for all z G /, m G N. For any 
a e B we have S{a) — QaCi where a 1-^ a is an involution of B and = =tl- 
Note that the quantities Qa (in A) are the images of the corresponding 

quantities in A under the given homomorphism A ^ A. Now (f^, r, S) is a Hopf 
algebra over A with 1 whose counit f^i — > A is given by a 1— Sa,i for a G B. 
For any a G B let a* : f/i — > A he the A-linear form given by a*{b) = da,b for 
6 G B. Let be the A-submodule of spanned by {a*;a G B}. Note that 
{a*;a G B+} is an A-basis of oa- We define an A-algebra structure on oa by 

the rule a*b* = J2ceB l^c''^^* ^' ^ C^^^ ^^"^ ^^^^ defined by 

homogeneity reasons.) This algebra structure is associative with unit element 1*. 
Define an yl-linear map (comultiplication) ^0:0^^ oa <^a oa by 

5o(c*)= Yl 

(a,&)€BxB 

for any c G B. (The sum is well defined by homogeneity reasons.) Define an 
A-linear map S : oa —>■ oa (antipode) by S{a*) = qaa* for a G B. Note that 
(o^, do, S) is a Hopf algebra over A with 1 and with counit a* 1-^ 5a, i- From the 
definitions we have oa = A(^aOa as Hopf algebras. Define a (surjective) A-linear 
map 7r>° : Oa oa by a* ^ b* if a = 6+1a for some 6 G B, A G X and a* 1-^ if 
a G B is not of the form above. Define a (surjective) ^-linear map 7r^° : — > 
by a* 1-^ 6* if o = b~l\ for some 6 G B, A G X and o* if a G B is not of the 
form above. Note that tt^*^ and n'^^ respect the A-algebra structures and the unit 
elements. They are also compatible with 6, So- 

3.9. Let A[X] he the group algebra of X with coefficients in A. Define a (surjec- 
tive) A-linear map tt*^ : Oa — * ^[X] by a* ^— 1a if a = 1a for some A G X and 
a* I— > if a G B is not of this form. Note that respects the A-algebra structures 
and the unit elements. 

Let i' : Oa — > oa<8)a^[X] (S>aOa be the ^-linear map given by the composition 

Oa -^^^ Oa ®a Oa ®a Oa ^^°®^^°®^^'^°) ®a A[X] ®a oa- (Note that t' 
is an ^-algebra homomorphism.) We have the following variant of Lemma 3.7: 

Lemma 3.10. The A-linear map l' is a split injection. (Recall that v = 1 in A.) 



22 



G. LUSZTIG 



Let Zx^ ipxi ip be as in 3.7. Let Z' be the ^-submodule of Oa ®a ^[^] ®A 
spanned by {a^ (8) A (8) 6^; {a^lx, ^xbf) G Z}. Define an ^-finear map 

p' : OA ®A A[X] ^A OA Z' 

by sending a basis element a]^ (g) A (8) 6^ to itself if (a^lAilA^i") ^ Z and to 
otherwise. It is enough to show that p't' is an isomorphism of A-modules. Let 
c e B[A], A e X+. By definition we have 

where ai, 6i G B are defined in terms of a, 6 by a = 1a, b = Ixbt ■ If (o, b) E Zy, 
X' e X+ and 6 7^ then as in the proof of 1.8 we have A' < A. Thus 

p'l'{c*) ^ al® X®bl+ ml^f,al X' bl 

\'eX+;\'<\ (a,6)eZ>^/ 

where ao, 60 G B are given by (a^^lA, Ia^o") = i^x^{c) G Zx and ai, bi are as above. 
We identify with as A-modules via the bijection ® A (8) 6j[ 1-^ c* (with 
c = 'ip{ailx, Ia^i")) between the bases of Z', O^i. Then we have 

Pl{c) = c + 2^ 2^ x^,^^c 

A'eX+;A'<Ac'eB[A'] 

where x^, ^ G ^. We see that p'l' is represented by a square upper triangular matrix 
with entries in A and with 1 on diagonal. It follows that p'i' is an isomorphism. 
The lemma is proved. 

3.11. Let {xc;c G N"^} be the A-basis of defined in 2.8. For any c G N"^ we 
define an A-linear function ^ — ^ ^ by ^c{xc') = ^c,c' ^or any c' G x X. 

Lemma 3.12. (a) {^c, c G N"-} is an A-basis of oa- 
(b) If c\ c" G N"', then ^c'ic" = ic'+c" , product in oa- 

Note that each summand ii,,A of ^a is a free A-module of finite rank with basis 
given by its intersection with B; this ^-module also has as a basis its intersection 
with the ^-basis {xc\ c G N"} of f^. It follows that {^ci c G N^} and {6*; 6 G B} 
span the same A-sub module of namely the set of ^-linear functions fA — > A 
which vanish on fj^ a for all but finitely many v. This proves (a). 

We prove (b). For any c G N"^ we can write uniquely Xc — ^b^B ^c,bb where 
hc,b G A are zero for all but finitely many 6; for any 6 G B we can write uniquely 
b = X^ceN" ^b,cXc where h^^c G A are zero for all but finitely many c. We then 
have = ZlbGB hb,cb* and b* = ZIcgN" ^c,6Cc- We have 

Cc'Cc" = (E ^b',c'b'*){ E hb",c"b"*) — E '^6',c'^6",c"Aa ^* 
6'eB b"€B a,b',b"eB 
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hence (b) is equivalent to the set of equahties 

(c) ^ hb>^c'hb",c"P'a'^ =ha,c'+c"- 

6',6"eB 

for any c', c" , a. The equahty in 2.8(a) can be rewritten as 

r{xc) = Xc' <8) Xc" 

c',c"eN;c'+c"=c 

hence as 

hchjj-l a' ® a" = ^ hc',a'hc",a"0'' cb"- 

a',a",6GB a',a"eB,c',c"eN";c'+c"=c 

Thus. 

hcbft'l = ^ he', a' he", a" 

6eB c',c")eN";c'+c"=c 

for any a', a" e B, c G N"^. We multiply both sides by hc,cha' ,c'^ha" ,c'{ and sum 
over all c, a',a". We obtain the equalities (c). This proves (b). The lemma is 
proved. 

Lemma 3.13. Assume that v = 1 in A. Recall that n = 1{wq) . Let A[ti^ t2, ■ ■ ■ , tn] 
be the algebra of polynomials with coefficients in A in the indeterminates ti, ^2, • • • , ^n-l 

Define an A-linear map k : oa — * t2, • • • , ^n] by ^ t^^t^^ • • • ^n" f^'^ ^"^V 
c = (ci, C2, . . . , c^) e N". Then k is an A-algebra isomorphism. 

K is an A-linear isomorphism by 3.12(a). It is compatible with the algebra 
structures by 3.12(b). The lemma is proved. 

3.14. Define t' : Oa — > A[ti, ^2, • • • , ^n] ®A A[X] ®a A[ti, ^2, • • ■ , tn] as the com- 
position (k (g) 1 (8) k,)l' where t' : Oa oa '^a A[X] i^a oa is as in 3.9. 

Theorem 3.15. Recall the assumption that v = 1 in A. The A-linear map T' is a 
split injection. R is also an imbedding of A- algebras with 1. Thus, the A-algebra 
Oa is isomorphic to a finitely generated A-subalgebra (with 1 ) of A[ti, ^2, • • • , tn]<^A 
A[X] ^A A[ti, t2, . . . , tn]. In particular, if A is an integral domain then Oa is an 
integral domain. 

The fact that Z' is a split injection follows from 3.10 and the fact that 1 (8) k 
is an isomorphism of ^-modules. The fact that Z' is an algebra homomorphism 
follows from the fact that i' is an algebra homomorphism and that k is an algebra 
isomorphism. The fact that the algebra is finitely generated follows from 3.3. 
If A is an integral domain then A[ti, ^2, • • • , tn] ®a A[X] ^a A[ti,t2, . . . ,tn] is an 
integral domain hence so is Oa- The theorem is proved. 
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4. The group Ga 

4.1. In this section we assume that v — 1 m. A. 

In analogy with [Ko], we define Ga as the set of ^-algebra homomorphisms 
— > A which take 1 to 1. Since Oa is a Hopf algebra over A with 1 and with 
counit, Ga has a natural group structure. More explicitly, Ga is the set of all 
A-linear functions (/> : — A such that (fi{a*b*) = (p{a*)(f){b*) for all a, 6 G B 
and such that ^(lo) = 1- By the correspondence i— > '^aes'^^i'^*)'^ identify 
Ga with the subset of defined as 

TT-aO e JJa', ?^1o = 1) ^ rh'^'^nc = riarib for all a,b e B} 

aeB ceB 

or equivalently as G Ua; -D(^) = ^ C?) ^, e(^) = 1}. Note that Ga is closed under 
the multiplication in the algebra TJa- Thus the multiplication in TJa induces 
an associative monoid structure on Ga- Since the unit element 1 of satisfies 
D{1) = e(l) = 1, it belongs to Ga and plays the role of a unit element for the 
monoid structure of Ga- If ^ e Ga, we have D{S{0) = S^^\D{C)) = S^'^\^^0 = 
5(0 ® <5(0 and e(5(0) = e(0 = 1- Thus S{C) G G^. From 1.5(xi) we have 
m(5'(°'^)(l)(0)) In our case this can be written as m(5'(°'^)(^(g)0) = ^ that is, 
m(^(8)S'(0) = C and $,S{^) = ^. We see that any element of Ga has a right inverse 
in the monoid Ga • Hence any element of Ga has a left inverse in the monoid Ga ■ 
Thus Ga is a group (a subgroup of the group of invertible elements of the algebra 
Ua)- From the definitions we see that the algebra involution u> : IJa Ua 
restricts to an involution lv : Ga — Ga which is a group isomorphism. 

4.2. Let Ua'^ (resp. Ua*^) be the A-submodulc of Ua consisting of all elements of 
the form J2be-B,xex ^b{l\b+) (resp. T.be-B,xex^b{b~lx)) where G A. Let (5a 
be the set of ^-algebra homomorphisms oa ^ A which take 1 to 1. Since oa is 
a Hopf algebra over A with 1 and with counit, (3a has a natural group structure. 
Note that (3a is the set of A-linear maps (p : oa — ^ A such that 4'{a*b*) — 
(j){a*)(j){b*) for aU a, 6 G B and such that (/)(1) = 1. (Here a*b* is the product in 
Oa.) By the correspondence ^ ^aeB \ex </'('^*)'^~1a we identify 0a with the 
set of all ^ G U^'' such that D{i) — (in Ua'*) ^^'^ ^(0 = 1 or equivalently with 

:= Ga n U^°. Similarly, by the correspondence i-^ Z^aeB Aex 0(a*)lAa''" 
we identify (Sa with the set of all i G such that £)(0 = ^ ® ^ (in U^^) and 
e(0 = 1 or equivalently with G^ := Ga H Ua°. The group structure on (3a 
coincides with that induced from the group structure of Ga via either one of the 
isomorphisms 6a ^ G^°, (3a ^ G^ . 

Let be the set of elements of Ua of the form XIaex ^aIa with nx G A. Let 
Ta = Ua ^ Ga- Thus Ta is the set of elements of Ua of the form X^Aex "-aIa with 
n\ G A° such that A ^— ^ is a group homomorphism X ^ A° . Clearly, Ta is an 
abelian subgroup of Ga- Note that Ta can be identified with Hom(X, A°) — A° ®z 



STUDY OF A Z-FORM OF THE COORDINATE RING OF A REDUCTIVE GROUP 25 

Y. The isomorphism between A° <SiY and Ta associates to d (g) y (where d E A°, 
y e Y) the element X^Aex ^^^''^^ of Ta- (Since d e A°, it can be raised to any 
integer power.) Note that Ta can be also identified with the set of homomorphisms 
of A-algebras A[X] A preserving 1, by [g = Eagx'^aIa e Ta] ^ [X ^ nx]. 
We show: 

(a) multiplication in Ga defines an injective map G^ x Ta x — > A. 
Let be the set of elements of of the form ^^eb- ''^a^- Cij^i ^ 
6,^2 e Ta, 6,^3 e G'>o be such that Ci^Cs = ^^^2^3 in Ga- Then ^^^3"' = 
^2~^^i~^^'i-^2- The right hand side is contained in since Ta are contained 
in and is closed under multiplication in U^. Thus wc have ^3^^^ G 
U^. Since G-^^ G U^'^ and U^'^ is closed under multiplication in XJa we have 
also ^^^3"^ G U^°. Thus ^^^3"^ ^ U;;^ fl U^°. From the definitions we have 
n U>o = {1}. Thus ^^^3-1 - 1 so that = 6- It follows that U2 = ^1^2- 
Then belongs to both U^*^ and to which have intersection 

{!}. Thus x'i~^xi — x'qX^^ = 1 and (a) follows. 

From the definitions we see that the involution a; : Ga — Ga interchanges G^ 
with G^ and its restriction to Ta is given by ^ 1— > . 

4.3. For any z G /, /i G ^ we have Xi{K) G yi{K) G G'f . (We use 1.18(a).) 
For any w G W , the elements w',w" of (see 2.5, 2.6) belong to Ga- (We 

use 2.6(a).) We have w'{w~^)" = 1, see 2.5. 

Now W acts on Ta hj w : XIasx^^Ia ^ J2\ex ''^■w-^{\)^x- This corresponds 
to the VF-action on A° ^Y given byw:(i®2/i— w{y). This action on Ta 
is denoted by : g 1— > t(;(y). We show: 

(a) If w E W , g E Ta then w{g) = w'gw'~^ = w"gw"~^ . 
Using the definition of w' we see that to prove the first equality in (a) we may 
assume that w — si for some i E I. In this case it is enough to show that 
ls<(A) = or that Isi(A) = 2^i,i(lA) for any A G X. This follows from [LI, 

41.1.2]. The proof of the second equality in (a) is similar. 

4.4. Let i G /, w G A° . Let ti{u) = Eagx^^^'^^Ia G Ta- We show: 
(a) s'l = s[U{-l) in Ga- 

We have 

SU-I)^ E (-l)n-l)<''^'>^f^-lA^?^^ 

j/eZ,a;eZ,A,A'eX;A'=A-j/i',<i,A>=a;+j/ 

It is enough to show that (— l)i'+(*''^~2'* ) = (—1)^ in the sum above. This follows 
from (i, i') = 2 and y + {i, X) = x mod 2. 

4.5. Let i G /. Let e, G A be such that d :^ eg + p e A°, f G A° . Define 
e',f',g' G yl by e' = ed-\ f = fd-^,g' = gd'^- Note that d' := e'g' + /'^ = 
d-^ G f G A° and e = e'd'-^,f = f'd'-\g = g'd'-\ We show: 



(a) 



yi{e)tt{f ^)xi{g) = Xi{g')t^{f')yi{e'). 
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We compute the left hand side in JJa- 



c,c'€N, c,c'eN,AeX; 
AeX (i,A)>c+c' 



■t)- 



c,c',teN,Aex 

{i,\)<c+c' 



c,c'eN,AeX;(i,A>>c+c' 



r,r'eN,A'6X teN 
(t,-A'>>r+r' 

E e7-<^'^>/^r^-lA^f^+ 

c,c'eN,AeX;(i,A)>c+c' 

r,r'eN,A'eX; 
(i,-A')>r+r' 

We compute the right hand side of (a) in \Ja'- 

J2 g'-f'(^'^)e'''d^'^+lx9f^- = Yl 9"f'^''^^e'''d^'^+lxdf^- 



c,c'eN, c,c'eN,AEX; 
XeX _(i^A)>c+c' 



{c-t)+ 



c,c ,te'N,xex 

-{i,X)<c+c' 



c,c'eN,AeX;-(i,A)>c+c' 



s,s'GN,A'eX; teN 
(i,A')>s+s' 

c,c'eTSl,XeX;-(i,X)>c+c' 

s,s'eN,A'eX; 
{i,X')>s+s' 

It remains to show: 

^c^-{i,X) gc' ^ g'c ji{i,X-{c+c')i')^lc(^-^ g/j>-2^/yc-c' + {i,X)^ 



STUDY OF A Z-FORM OF THE COORDINATE RING OF A REDUCTIVE GROUP 27 
glcjl{i,X)^lc' ^ ^c' j-{i,\+{c+c')i') gC(^^ _|_ gj-2^^-c-c'-(i,A) 

for any c, c' G N, A G X. This is immediate. 

4.6. Let i e / and let u e A° . We have 

(a) Xi{u - l)yi(l)xi('u"^ - l)yi{-u) = ti{u) e Ta- 

Taking e = 1, / = 1, = — 1 in 4.5(a) we obtain 
- 1) = Xi{-u + l)tuyi{u); 

(a) follows. 

4.7. Let w eW, i e I he such that l{wsi) — l{w) + 1. Let h & A. We show: 
(a) w"xi{h)w"-^ e G^o. 

We can find a sequence h, Z2, . . . , ^n in / as in 2.8 such that w = si^Si^ . . . Si^_^ , 
i = ik, k — 1 = l{w). The equality 

T" T" T" f^'^^'^+l x^-r+ K 

in 2.8 (with c G N, A G X, and with Xc,k £ independent of A) can be rewritten 
as 

(See 2.3(c).) We multiply this by h'' and sum over all A G X and c G N; we obtain 

ceN 

The sum in the right hand side is well defined since for some G N[/] — {0} we 
have x'^j^ G fcu,A- Thus we have w"xi{h)w"~^ G U^°. Since w"xi{h)w"~^ G Ga 
and Ga n = G^, the result follows. 

4.8. In the setup of 2.8, for any h = (/ii, /i2, • • • , hn) G we set 

xh = x,MKx,Ms'lr') • • • X (« . ..^Ux,M4^.r" ■ 

From 4.7(a) we see that Xh G We show: 

(a) The map A^ — > h i— > Xh is a bijection. 
For h as above we have 

Cl,C2,---,Cn&TSS,Xi,X2,---,Xn&X 

= Yl K^hi^...h'i,-x^ix. 

ceN",Aex 
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Hence for c e N"' we have 

(b) M^,) = hl^^K..h^^-. 

Now the ^-algebra homomorphisms A[ti, t2, • • • , ^n] A (preserving 1) are clearly 
in bijection with the points of A"^; to (/ii, /i2, • • ■ , /in) ^ corresponds the algebra 
homomorphism which takes tr to for r G [Ij^t-]- Composing with k in 3.13, 
we obtain a bijection between the set of ^-algebra homomorphisms oa ^ A 
(preserving 1) and the set From (b) we see that under this bijection Xh G 
corresponds to h e This proves (a). 

4.9. For any A G X we define a homomorphism x\ '• Ta — ^ A° by (i ® y i— > S^'^^^ 
for (i G A°, y e F or equivalently by ^xex '^aA i— > n\. For t e Ta, h e A, i e I, 
we show: 

(a) txi{h)t-^ = Xi{xi'{t)h). 
Writing t = ^^^-^nAA, we see that the left hand side of (a) is 

c6N,A,A'6X cEN,A,A'eX 

= J2 n-\x+ci'h^''^+lx^ Yl <,h''ef^+lx^Xi{ni,h)^Xi{xi'{t)h). 

c6N,AeX c€N,AeX 

This proves (a). 

In the setup of 2.8, let k G [l,n]. Define a homomorphism : A — > G^*^ 
by s'l^s'l^ . ■ ■ s'l^_^Xi^{h)s'l^_-^ . . . s'l^'^ s'l'^ , From 3.13 we see that fk is an 
isomorphism of A onto its image fk{A). We set A/- = Si^Si^ . . . •s^fc_l(^^) G X. For 
t G Ta, heAwe show: 

(b) tfk{h)t-' = fk{xx,{t)h). 

Let t' — ■ ■ ■ Si2Si-^{t) G Ta- Using 4.3(a), we see that (b) is equivalent to 

t'xi^{h)t'-^ = Xi^{x\^{t)h) that is, using (a), to Xi^{x^>^{t')h) = Xi^{x\At)h). It 
is enough to show that Xi'i^{t') = XAfc(^)- This is immediate from the definitions. 
We show: 

(c) Let w E W , i E I . There exists u E A° such that for any h E A we have 
u){w"xi{h)w"~^) = w"yi{uh)w"~^ . 

Writing w = Sj^Sj^ . . . Sj^ with ji, j2, • • • , jr in I and r = l{w) we have 

^" = 4i^ji(-i)4^i2(-i) • • = ^'^ 

for some t E Ta- Hence 

w"xi(h)w"-^ = w'txi(h)t-^w'-^ = w'xi(uh)w'-'^ 

where u = Xi'{t) ^ see 4.9(a). Using uj{w") = w', Lo{yi{uh)) — Xi{uh)), we 
obtain w"xi{h)w"~^ = u>{w"yi{uh)w"~^) and (c) is proved. 
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4.10. We now assume that A is an algebraically closed field. Since, by 3.15, Oa 
is a finitely generated ^-algebra which is an integral domain, we see that Ga is a 
connected algebraic group over A with coordinate ring Oa- Since, by 3.13, oa is 
a finitely generated A-algebra which is an integral domain, we see that &a (and 
hence and G^^) are connected algebraic group over A with coordinate ring 
o^. Since the inclusions of and into Ga correspond to surjective algebra 
homomorphisms Oa — > oa we see that and are closed subgroups of Ga- 
Also Ta is clearly a subtorus of Ga- 

Theorem 4.11. In the setup of 4-iO, Ga is a connected reductive group over A 
with associated root datum the same as the one given in 1.1. 

From 3.13 we see that as an affine variety, G^ is isomorphic to the affine 
space A^. It follows that is a connected unipotent group. Similarly is a 
connected unipotent group. 

The T^-action (conjugation) on the unipotent group G^ satisfies the hypothe- 
ses of [Bo, IV, 14.4]: the induced TA-action on Lie is through one dimensional 
weight spaces corresponding to weights given by the distinct non-zero elements 
Afc(fc e [1, n]) oi X (see 4.9) and A^, A^' are linearly independent in X ior k ^ k'. 
(This is a well known property of the VF-action on X.) Using lac. cit we see 
that any non-trivial closed subgroup of G^^ which is stable under conjugation 
by T contains the subgroup fk{A) (see 4.9) for some k e [l,n]; moreover, the 
centralizer of Ta in is {1}. 

From 3.10 we see that the morphism x Ta x G-^^ Ga given by multi- 
plication in Ga has dense image. Since T4 normalizes G^^ we see that G^^Ta 
is a closed subgroup of Ga- Since G'^^TaG'^^ is the orbit of 1 for an action of 
(G^°T) X on Ga, we see that this orbit is locally closed in Ga- Since it is 
dense in Ga, we see that G^°TaG^° is open in Ga- 

Since G^^Ta is solvable and connected, it is contained in some Borel subgroup 
B of Ga- Assume that G^'^Ta is contained properly in B. Now (G^^TaG^^) n B 
is open in B. If ^1, ^2, ^3 are elements of G^*', Ta, such that ^i^2^3 G S, then 
using ^1^2 e S we see that ^3 e B. Thus {G^^TaG^^) n B ^ {G'x^Ta){G\^ f\B). 
If G>° n 5 = {1} it would follow that {G>^TaG>^) HB = G^Ta which is 
a proper closed subset of B; this contradicts the fact that (G^°TaGa°) ^ B is 
open (non-empty) in B. Thus we have G^*^ D B 7^ {1}. Since fl S is a 
unipotent subgroup of S, it is equal to G-^^ fl B^ where B^ is the unipotent 
radical of B. Since riBu is a non-trivial closed subgroup of G^*^, stable under 
conjugation by Ta we see that we have fk{A) C G-^^nB^ for some k G [1, n]. Since 
fk{A) C we have Lo{fk{A)) C Since is a unipotent subgroup of S, 

we have C Bu hence Lij{fk{A)) C Bu- Thus there exists w E W and i E I 
such that w"xi{A)w" C B^ and uj{tv"xi{A)w") C Bu- Hence, using 4.9(c), we 
have w"yi{A)w"~^ . Thus Xi{A) and yi{A) are contained in the unipotent group 
w"~^ Buw" . Using 4.6, we deduce that for any w G A° we have ti{u) G w"~^Buw" . 
Since tiiu) G Ta is semisimple it follows that ti{u) = 1 for all w G ^ — {0}. From 
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the definition of ti{u) we see that if we choose u e ^ — {0, 1} (recall that A 
is algebraically closed) then ti{u) ^ 1. We have a contradiction. We see that 
B = G^°Ta so that G^'^Ta is a Borel subgroup of Ga- Applying oj we see 
that u{G^^Ta) = G'^Ta is a Borcl subgroup of Ga- From 4.2(a) we see that 
(G^Ta) n [G^Ta] = Ta- Since the unipotent radical of Ga is contained in both 
Borel subgroups G^Ta-, G^^T^, it must be also contained in their intersection, the 
torus Ta- Thus, the unipotent radical of Ga is {!}. We see that Ga is reductive. 
Since Ta is the intersection of two Borel subgroups of Ga-, it must be a maximal 
torus of Ga- From the definitions we see that the weights of the adjoint action of 
Ta on the Lie algebra of Ga are exactly \k{k E [1, JT-]), their negatives (each with 
multiplicity 1) and the weight with multiplicity dimT^. It follows that the root 
datum associated to Ga is exactly the root datum given in 1.1. The theorem is 
proved. 

5. From enveloping algebras to modified enveloping algebras 

5.1. In this subsection we recall some definitions from [Ko]. 

Let Uq be the Q-algebra with 1 generated by the symbols , x~ with a; e fq 
and y with y eY; these symbols are subject to the following relations: 

fq Uq, X f-^ is a Q-algebra homomorphism preserving 1; 

Y — > Uq, y \^ y is Z-linear; 

yy^ = y^y for y, y' e Y; 

yef = ef{y±{y,i))ioTyeY,ieI; 

9t9--d-9t = 5ijifoT ijel. 
Thus Uq is the universal enveloping algebra attached to our root datum. There is a 
unique algebra homomorphism A : Uq — > Uq(8>qUq such that A{y) = y(E)l+l(E)y 
for y E Y, A(^^) = 9^ ^ 1 + 1 (E) for i E I. There is a unique algebra 
homomorphism S from Uq to Uq with the opposed multiplication such that 
'^{y) = ~y for y E Y, S{9^) = —6'^ for i E I. There is a unique algebra 
homomorphism e : Uq — > Q preserving 1 such that e{y) = for y eY, e{9f) = 
for i E I. Then (Uq, A, S) is a Hopf algebra over Q with 1 and with counit e. 

Let Cq be the category whose objects are unital Uq-modules M such that 
M = (BxexM^ (as a vector space) where for any A e X we have = {z E 
M; yz = {y, X)z for any y E Y}. 

For any M E €q let be the Q-subspace of Uq spaned by the functions 
u I— > z'{uz) for various z E M^z' E M*. Let Oq = Yluec'^ ^ Q-subspace 
of Uq. Now Oq is a Hopf agebra over Q in which the multiplication is the 
"transpose" of A : Uq Uq ®q Uq, the comultiplication is the "transpose" 
of the multiplication Uq (8>q Uq — > Uq, the antipode is the "transpose" of S : 
Uq — ^ Uq, the unit is the counit of Uq and the counit is given by / i— > /(I). 

Let Uz be the subring of Uq generated by the elements 

(!) ^y{y-i)---{y_-k + i))/k\ 
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for y eY,k eN and 6'^"'^+, 9\"^^~ for i e I, m e N. This is a Z-lattice in Uq, 
called the Kostant Z-form of Uq. Let O'^ = {/ e 0'q;/(Uz) C Z}. This is a 
Z-subalgebra with 1 of Oq; it inherits from Oq a comultiplication, an antipode 
and a counit, which make it into a Hopf algebra over Z (here we use the fact that 
O2 is a torsion free Z-module). 

If f = 1 in A we set — A ^ 0'^\ this is naturally a Hopf algebra over A. 
The following results show that our results about Oa apply also to O'^. 

Proposition 5.2. Ifv = l in A, we have canonically = Oa as Hopf algebras 
over A. 

The proof is given in 5.9. 

5.3. Let P be the Q-algebra of functions X — ^ Q generated by the functions 
y : A I— > (y, A) for various y eY. We regard P as a Q-subalgebra with 1 of Uq by 
1-^ J2xex FoT y eY, h eZ and A; e N we set 

(^l''^ ={y + h){y + h-l)...{y + h-k+l))/k\eP. 

Let Pz be the subring of P generated by the elements (|) for various y e F, /c e N. 
Note that 

(a) Pz C tjo , 

(b) {^l^) e Pz for anyyeY,heZ,keN. 

Let {j/i, j/2, • • • ,J/r} be a basis of the Z-module Y. The following result is well 
known. 

(c) The elements = (f^) (f^) . . . {^^) (with k = (/ci, /c2, • • • , kr) G N^'j form a 
Z-basis of the Z-module Pz and a Q-basis of the Q-vector space P. 

We show: 

(d) Let N >1. Let Xn = {X e X; -N < {y^, X) < N for j = 1,2, ... , r}. Let 
M.N he the set of all elements X^a'gx '^A'Ia' £ such that n\i = for X' e X^- 
Let X ex. Thenlx ePz+ Mn- 

If A ^ Xpf then Ix e A4n and the result holds. Now assume that A e X^. We 
have 

(e) n (''^ E 

j€[l,r] ^ ^ A'eX;(j/,-,A'>e(oo,-<2/,,A>-2JV-l]u[(y,-,A>,oo) 

for j€[l,r] 

where ux' € Z are such that = 1- For A' in the last sum such that {yj, X') G 
(00, —{yj, A) — — 1] for some j we have {yj. A') < —N — 1 (since —N < {yj. A)) 
hence A' ^ X^; the sum over all such A' is in Al at- On the other hand, the left 
hand side of (e) is in Pz. Thus (e) implies 

nx'lx' ^Pz+Mn 

X'eXN;{yj,X')>{yj,X) for je[l,r] 
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where nx' G Z are such that nx — 1. For any A' e we set qx' — r](^i' 
so that —Nr < qx' < Nr. We have 

1a + Yl nx'ly ePz + MN■ 

>^'eXN■,{yj,x'}>(yj,\} for je[l,r],q)^,>qx 

This shows by descending induction on qx (starting with qx = Nr) that 1a £ 
Pz + M.N for any A e Xjv- This proves (d). 

5.4. There is a unique algebra homomorphism Uq — > Uq preserving 1 such that 
y I— > "^xexiVi ^)^>' fo^ y £ ^) (as in 2.7) for any i e I. This 

homomorphism is injective and we identify Uq with a subalgebra of Uq via this 
homomorphism. We identify P with a subalgebra of Uq by y i— > y. This makes 

P a subalgebra of Uq (in the same way as in 5.3). Note that: 

(a) the elements b^(f)]^b'~ with 6, 6' e B and k e form a Z-basis of Uz and 
a Q-basis of Uq. 

We show that 

(b) Uz C Uz. 

By (a) it is enough to show that for & G B wc have b^ G Uz (this is clear), 
b~ G Uz (this is clear) and that for k G N we have 0k € U^ (this follows from 
5.3(a)). 

The category (Iq (see 1.6) is equivalent to the category CqI if M G (Tq then 
M can be regarded as a IJQ-module as in 1.12 and then as UQ-module via the 
imbedding Uq C Uq. This UQ-module structure makes M into an object of 
€q. This gives a functor €q — > €q which is easily seen to be an equivalence of 
categories. It is well known that 

(c) any object in £q is semisimple and the simple objects of Cq are exactly the 
objects Aa,q for various A G X+. 

For any M G Cq let Cm be the Q-subspace of Uq spaned by the functions 
u I— > z'{uz) for various 2; G M, 2;' G M*. 

Lemma 5.5. Let f G Uq. The following three properties are equivalent: 
(i) f e Oq; 

(Hi) f G J2xex+ C'aj^.q- 

Assume that (i) holds. To show (ii) we can assume that f = a* where a G Ba,a' 
for some A, A' in X+. Let M = '^Aa,q <S>q Aa',q. Let z = ^x'^VX' ^ M. Define 
z' G by z'{a'z) = Sa,a' for any o' G Ba,a'- For a" G B we have z'{a"z) = a*{a") 
(if a" ^ Ba,a' both sides are since a" z = 0; if a" G Ba,a'5 both sides are Sa,a"-) 
Hence z'{uz) = a*{u) for all u G Uq. Hence a* G Cm, as required. 

Assume that (iii) holds. To show (i) we may assume that there exist z E M, 
z' G with M = Aa,q, a G X+ such that f{u) = z'{uz) for aU m G Uq. 
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Recall that, if 6 e B — Ua';a>a'B[A'], then b acts as on M hence f{b) = 0. Let 
/i = / - E.euv;.>vB[A'] /(^)^* e Note that h{b) = if 6 e Uv;A>A'B[A']. 
If b' ^ Ua';A>A'B[A'] then both / and J2b^u^, ;,>;,/B[A'] /(^)^* vanish on b'. Hence 
Mb') = 0. We see that /i = and / = EbeulT,,,,m'] f(b)b*. Thus / e Oq, as 
required. 

Assume that (ii) holds. Then (iii) holds since Cm'®m" = Cm' + Cm" for any 
M', M" in £q and any M G Cq is a direct sum of finitely many objects of the 
form Aa,q, a G A"'". The lemma is proved. 

5.6. As in the proof of Lemma 5.5 we see that for / G Uq the following two 
properties are equivalent: 

(ii)/eEAex+^;.,c- 
(RecaU that Cq = Cq.) 

5.7. Let C = ®Aex+-^A,Q ®Q ^a Q' ^ Q- vector space. We show: 

(a) the linear map a : O ^ Uq whose restriction to Aa,q ®q A^ q is z <^ z' ^ 

[u H- >• ^'(w^)] is injective. 

For any finite subset F of X+ let Oi? = (B\eF^x,Q ®q q. It is enough to verify 
that for any F as above, the linear map Op ^ (restriction of ^ U*^ in (a)) 
is injective. 

Let (^a)a6F e ker(C»F ^ U""). For A G F we have Ca = Ej ® 4^ with 
G Aa,q, G A^ Q. For any m G Uq we have Y^^^p Ej z'j{uz^) = 0. Using 
5.4(c) we see that for any collection (eA)AeF, ca G End(AA,Q) we can find u G Uq 
such that u acts on Aa,q as ex. Hence we have YlxepYlj ^'ji^x^j) — for 
any (eA)AeF as above. Hence for any A G F we have Y^j z'j{eZj) = for any 
e G End(AA,Q). Hence J2j Zj'^z'j = for any A G F. Thus Ca = for any A G F. 
This proves (a). 

An entirely similar proof gives the following result. 

(b) the linear map ct' : O — >• Uq whose restriction to Aa,q ®q A^ q is z^z' ^ 
[u ^ z'{uz)] is injective. 

From 5.5, 5.6, we see that the image of a is Oq and the image of a' is Oq. 

Using (a),(b) we see that a, a' define isomorphisms O Oq, O Oq. 

Now let ci; : O — > Uq be the linear map whose restriction to Aa,q <E)q A^ q is 
z z' i-^ [tt 1-^ z'{uz)]. Let 7 : Uq Uq, 7' : Uq Uq be the linear maps 

transpose to the imbeddings Uq — > Uq, Uq — > Uq. Prom the definitions we 

have 7a = a, 7'a = a' . Since a is injective we see that a is injective. Hence a 
defines an isomorphism O — > Oq where Oq is the image of a. We see that the 
image of Oq under 7 is equal to the image of Oq under 7' and both these images 

are equal to Oq. Now 7,7' restrict to isomorphisms Oq Oq, Oq Oq. 
Thus both Oq, Oq can be canonically identified with Oq hence also with each 
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other. Prom the definitions we see that this identification of Oq, Oq is compatible 
with the Hopf algebra structures. 

Lemma 5.8. Let F be a finite subset of . 

(i) Let u e Uz- There exists u' e Uz such that u,u' act in the same way on 
Aa,q for any Xe F. 

(a) Let u' G Uz- There exists u e Uz such that u,u' act in the same way on 
Aa,q for any Xe F. 

We can find N >1 such that {A G X; IaAa.q ^0} C Xn (notation of 5.3(d)). 

To prove (i) we may assume that u = b'^lxb'~ G Uz where 6, 6' G B, A G X. 
By 5.3(d) we can find Ui G Pz, U2 G U2 such that 1a = "Ui + U2 and U2 acts as 
on Aa,q for any A G F. Then b'^U2b'~ G Uz acts as on Aa,q for any A G F. 
Hence u = b'^uib'~ + b'^U2b'~ acts in the same way as b'^uib'~ on Aa,q for any 
A G -F. Hence u' = b'^uib'~ G Uz is as required in (i). 

We prove (ii). Wc set u = u'J^xeXn ^ Since u' G Uz (sec 5.4(b)) we 
see that u G Uz- Thus, u G Uq flUz = Uz- Clearly, u is as required by (ii). The 
lemma is proved. 

5.9. We prove Proposition 5.2. We can assume that A — Z. Let Z (resp. Z') be 
the set of all (^a)a6X+ G C, 6 = ^ ® z'^^ with G Aa,q, z'^ G A^ q, such 
that for any u G Uz (resp. any u G Uz) we have '^xex+ z'j{uZj) G Z. 

Under the identification O — Oq (resp. O — Oq) induced by a (resp. a') in 
5.7, the subset Oz (resp. O^) corresponds to the subset Z (resp. Z') of O. 

Since any element (Ca)agx+ ^ ^ has only finitely many non-zero components 
we see, using 5.8(i), that Z' G Z and, using 5.8(ii), that Z C Z'. Thus Z = 
Z' . It follows that under the identification Oq = Oq, Oz corresponds to O'^. 
Proposition 5.2 follows. 
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